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Abstract
The gyrokinetic Vlasov-Maxwell equations are cast as an infinite-dimensional Hamiltonian sys-
tem. The gyrokinetic Poisson bracket is remarkably simple and similar to the Morrison-Marsden-
Weinstein bracket for the Vlasov-Maxwell equations. Many of the bracket’s Casimirs are identified.
This work enables (i) the derivation of gyrokinetic equilibrium variational principles and (ii) the
application of the energy-Casimir method and the method of dynamically-accessible variations to
study stability properties of gyrokinetic equilibria.
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Most non-dissipative evolution equations in physics can be expressed in Hamiltonian
form, often in terms of noncanonical variables. The well-known Hamiltonian formulation of
Newton’s equations of motion provides the most obvious finite-dimensional example [1], but
there are many interesting infinite-dimensional examples as well. For instance, Hamiltonian
formulations of ideal magnetohydrodynamics and Vlasov-Maxwell dynamics were discovered
by Morrison and Greene [2] and Morrison, Marsden, and Weinstein [3–5], respectively. Such
Hamiltonian formulations provide access to specialized tools that lead to deep insights into
a system’s properties, such as equilibrium stability criteria [6–11] and the nature of the
system’s quantizations [12, 13].
An important non-dissipative system that has never been cast in Hamiltonian form is
collisionless electromagnetic gyrokinetics. This theory, which was invented between 1968 and
1983 [14–16] in order to describe low-frequency microturbulence in plasmas, enjoys several
Lagrangian formulations. The earliest of these are given in Refs. [17–19], while more recent
additions can be found in Refs. [20, 21]. Given the typical intimate relationship between
the Hamiltonian and Lagrangian formalisms, the Hamiltonian structure of electromagnetic
gyrokinetics might therefore seem straightforward to obtain. This is not the case. The usual
Legendre transform technique fails when applied to gyrokinetic Lagrangians. Nevertheless,
the existence of Lagrangian formulations of electromagnetic gyrokinetics suggests that a
Hamiltonian formulation should exist; the riddle is how to find it.
In Ref. [21] this Hamiltonian riddle was solved for electrostatic gyrokinetics. The purpose
of this Letter is to do the same for electromagnetic gyrokinetics. Starting from a variational
principle for the gyrokinetic Vlasov-Maxwell equations, we have systematically derived a
gyrokinetic Vlasov-Maxwell Poisson bracket and Hamiltonian functional. We will present
the results of this derivation and list many of the Casimir invariants of the gyrokinetic
Poisson bracket. Details of the derivation will be found in a forthcoming article.
The gyrokinetic Vlasov-Maxwell equations are most easily defined by specifying their
Lagrangian, LGMV, which has the general form
LGMV = LM + Lgy, (1)
where LM is the free electromagnetic field Lagrangian and Lgy is the net gyrocenter [22]
Lagrangian.
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The free electromagnetic field Lagrangian is given by the well-known expression [23]
LM =
1
8π
∫
Q
E ∧ ∗E − B ∧ ∗B. (2)
Here Q is the 3-dimensional Euclidean space, E is the fluctuating electric field 1-form, B is
the fluctuating magnetic field 2-form, and ∗ is the hodge star on Q. E and B are related to
the electric field and magnetic field vectors, E and B, by the relations
E = E · dx (3)
B = B · dS. (4)
For a treatment of the Morrison-Marsden-Weinstein Vlasov-Maxwell bracket in terms of
differential forms, see Ref. [24].
The net gyrocenter Lagrangian has many possible expressions, owing to the fact that
there are many different representations [25, 26] of gyrocenter dynamics. By using one of
the gauge-invariant representations introduced in Ref. [20], the net gyrocenter Lagrangian
takes the form
Lgy = Lf + Lint, (5)
where Lf is the free gyrocenter Lagrangian and Lint is the interaction Lagrangian.
The free gyrocenter Lagrangian is given by
Lf =
Ns∑
s=1
∫
TQ
(Ξgcs (Vs)−Ks(E,B)) fs. (6)
Here Ns is the number of plasma species, TQ is the tangent bundle over Q, Ξ
gc
s is the guiding
center Lagrange 1-form [27] (also see Eq. (33) in Ref. [26]), Vs is the Eulerian phase space
velocity of the s’th species’ phase space fluid, fs is the gyrocenter phase space density 6-form,
and Ks(E,B) is what we will refer to as the gyrocenter Kinetic energy. We work in terms
of the gyrocenter phase space density 6-form instead of the usual gyrocenter distribution
function because it simplifies the ensuing discussion. After a phase space volume form, Ω, is
chosen, the gyrocenter distribution function, F , can be recovered from the 6-form using the
formula f = FΩ [28]. The introduction of the gyrocenter kinetic energy Ks(E,B), which
is a non-local functional of the electromagnetic fields, is motivated by the work of Morrison
in Ref. [29]. The only property of Ks we will need in order to describe the Hamiltonian
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formulation of the gyrokinetic Vlasov-Maxwell equations is that it functionally depends on
the fields E,B and not directly on the potentials φ,A. An expression for Ks(E,B) will be
given after presenting the gyrokinetic Vlasov-Maxwell Poisson bracket.
The interaction Lagrangian is given by
Lint =
Ns∑
s=1
∫
TQ
(es
c
(π∗A)(Vs)− esπ
∗φ
)
fs, (7)
where A is the vector potential 1-form, φ is the scalar potential, and π : TQ → Q is the
tangent bundle projection, π(x, v) = x. The electric field 1-form and magnetic field 2-form
are given in terms of the potentials by B = dA and E = −dφ − A˙/c. The presence of the
pullback operator π∗ is necessitated by the fact that the integrand in Eq. (7) must live on
TQ, whereas A and φ live on Q. If the standard gyrokinetic coordinates, (X, µ, v‖, θ), are
used on TQ, (π∗A)(X, µ, v‖, θ) = Ai(X)dX
i and (π∗φ)(X, µ, v‖, θ) = φ(X). Note that the
only explicit appearance of the potentials A, φ in Lgk is made in Lint.
The gyrokinetic Vlasov-Maxwell equations follow from the Lagrangian LGMV = Lf+Lint+
LM and the condition
δ
∫ t2
t1
LGMV dt = 0, (8)
where δ indicates varying the quantities A, φ, fs, Vs while keeping their values at t1 and t2
fixed. The variations of fs and Vs are constrained [21, 30] to be of the form
δVs = η˙s + LVsηs (9)
δfs = −Lηsfs, (10)
where ηs is an arbitrary vector field on TQ and LVs denotes the Lie derivative along Vs.
Thus, the gyrokinetic Vlasov-Maxwell equations [31] are given by
∂
∂t
fs = −LV gys fs (11a)
1
c
∂
∂t
D = δH −
4π
c
Jgy (11b)
1
c
∂
∂t
B = −dE (11c)
δD = −4πρgy (11d)
dB = 0, (11e)
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where δ is the codifferential [32] (also see [33]), and we have introduced the gyrocenter Eu-
lerian phase space velocity V gys , the gyrocenter current density 1-form Jgy, the gyrocenter
charge density ρgy, and the auxiliary fields D and H . The gyrocenter Eulerian phase space
velocity is defined in terms of the gyrocenter symplectic form, ωgys = −d(Ξ
gc
s + esπ
∗A/c),
according to
iV gys ω
gy
s = dKs + eπ
∗E. (12)
Essentially, V gys is the Lorentz force vector field, v · ∂x + (e/m)(E + v × (B + Bo)/c) ·
∂v, expressed in gyrocenter coordinates. See Eq. (3.19) in Ref. [27] for the leading-order
contribution to ωgys , which must be inverted to solve for V
gy
s using Eq. (12). The auxiliary
fields are given by the constitutive relations
D = E − 4π
δK
δE
(13)
H = B + 4π
δK
δB
, (14)
where K(f, E,B) =
∑Ns
s=1
∫
TQ
Ks(E,B) fs. Note that these expressions imply that the
gyrocenter polarization and magnetization are given by P = −δK/δE and M = δK/δB,
respectively, just as in Ref. [29]. The gyrocenter current density 1-form, Jgy, is related to
the gyrocenter current density vector, Jgy, by the relation
Jgy = Jgy · dx. (15)
Note that because δD = −divD and δH = curl(H) · dx, where D and H are the vector
auxiliary fields, these equations are identical to Maxwell’s equations in a polarized and
magnetized medium coupled with a kinetic equation for the “free charge”, which is naturally
the gyrocenter charge.
Equations (11a)-(11e) constitute an infnite-dimensional Hamiltonian system. In order
to demonstrate this, we follow the example set by Morrison [29] and use fs, D, and B as
dynamical variables. The relevant Poisson bracket and Hamiltonian functional on (f,D,B)-
space (where B is required to satisfy dB = 0) are given as follows.
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The Poisson bracket— The gyrokinetic Vlasov-Maxwell Poisson bracket is given by
[F ,G]GVM =
Ns∑
s=1
∫
TQ
Bgys
(
d
δF
δfs
− 4πesπ
∗ δF
δD
,d
δG
δfs
− 4πesπ
∗ δG
δD
)
fs
+ 4πc
∫
Q
δF
δD
∧ ∗δ
δG
δB
−
δG
δD
∧ ∗δ
δF
δB
. (16)
Here Bgys is the gyrocenter Poisson tensor, which is defined as follows. If α is a 1-from on
phase space and (ωgys )
−1(α) = X is the unique vector field on phase space that satisfies
iXω
gy
s = α, (17)
then the gyrocenter Poisson tensor is given by
Bgys (α1, α2) = ω
gy
s
(
(ωgys )
−1(α1), (ω
gy
s )
−1(α2)
)
. (18)
Note that if αi = dhi for functions hi, B
gy
s (α1, α2) = {h1, h2}
gy
s , where {·, ·}
gy
s is the gy-
rocenter Poisson bracket. See Eq. (3.29) in Ref. [27] for the leading-order contribution to
the gyrocenter Poisson bracket. The method used to derive the bracket given in Eq. (16),
which we will report on in a future publication, guarantees that it satisfies the Jacobi identity.
The Hamiltonian functional — The gyrokinetic Vlasov-Maxwell Hamiltonian functional
is given by
HGVM(f,D,B) = K(f, Eˆ, B) +
∫
Q
Pˆ ∧ ∗Eˆ
+
1
8π
∫
Q
Eˆ ∧ ∗Eˆ +B ∧ ∗B, (19)
where Eˆ = Eˆ(f,D,B) is the electric field operator defined implicitly by the equation
D = Eˆ(f,D,B)− 4π
δK
δE
(f, Eˆ(f,D,B), B), (20)
and Pˆ = Pˆ (f,D,B) is the gyrocenter polarization operator given by
Pˆ (f,D,B) =
1
4π
(D − Eˆ(f,D,B)). (21)
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The functional derivatives of HGVM are given by
δHGVM
δfs
(f,D,B) = Ks(Eˆ, B) (22a)
δHGVM
δD
(f,D,B) =
1
4π
Eˆ (22b)
δHGVM
δB
(f,D,B) =
1
4π
(
B + 4π
δK
δB
(f, Eˆ, B)
)
. (22c)
It is straightforward to verify that the dynamics on (f,D,B)-space defined by
Q˙ = [Q,HGVM]GVM, (23)
where Q is an arbitrary functional of (f,D,B), reproduce the gyrokinetic Vlasov-Maxwell
equations (note that, by the gyrocenter continuity equation, Eq. (11d) is automatically sat-
isfied for all times if it is satisfied at t = 0.)
A large class of Casimirs of the gyrokinetic Vlasov-Maxwell bracket are given as follows.
Let C(κ, β, λ) be a real-valued functional depending on (i) a function on Q, κ, (ii) a 2-form
on TQ, β, and (iii) a 6-form on TQ, λ. Suppose that C satisfies the invariance property
C(κ,Φ∗β,Φ∗λ) = C(κ, β, λ), (24)
for each diffeomorphism of TQ, Φ : TQ→ TQ. Then the functional
C(f,D,B) = C(δD + 4πρgy, ω
gy, f) (25)
is a Casimir. In particular, if we let
Ωs = −
1
3!
ωgys ∧ ω
gy
s ∧ ω
gy
s (26)
be the Liouville volume form defined by the gyrocenter symplectic form and introduce the
gyrocenter distribution function, Fs, where
fs = FsΩs, (27)
then
Ch =
Ns∑
s=1
∫
TQ
h(Fs) Ωs (28)
is a Casimir for each function of a single real variable h. Moreover, any functional of δD +
4πρgy is a Casimir, which is one way of seeing that Eq. (11d) is satisfied in the Hamiltonian
formulation of the gyrokinetic Vlasov-Maxwell equations.
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Using the knowledge of the form of the Poisson bracket [·, ·]GVM along with its Casimirs,
equilibrium variational principles and stability criteria can be formulated as in Refs. [6–10].
The equilibrium variational principles are based on the fact that, for each Casimir C, critical
points of the free energy functional
F = HGVM + C (29)
are gyrokinetic equilibria. Any equilibrium that can be obtained in this manner will be
stable (linearly, and often times non-linearly) if the second variation of F is positive definite.
Additionally, knowledge of the Poisson bracket allows one to construct the dynamically
accessible variations introduced in Ref. [11] (see also [8, 10]). These constrained variations
yield all equilibria as energy extrema, and upon second order constrained variation the
linearized energy, a quadratic form, definiteness of which implies stability.
The Hamiltonian formulation of the gyrokinetic Vlasov-Maxwell equations given in this
Letter is completely determined by two key quantities, the gyrocenter kinetic energy, and the
guiding center Lagrange 1-form. Suppressing species labels, the gyrocenter kinetic energy is
given explicitly to second order in the amplitude of the fluctuating fields, ǫδ, by
K(E,B) = Hgc − ǫδ 〈ℓ〉+ ǫ
2
δB
gy(〈δΞ〉 ,d 〈ℓ〉)
+
1
2
ǫ2δ
〈
Bgys
(
LR[δΞ˜− dI(ℓ˜)], [δΞ˜− dI(ℓ˜)]
)〉
, (30)
where R is the infinitesimal generator of gyrophase rotations times the local gyrofrequency,
I is the inverse of the Lie derivative LR, angle brackets denote gyroangle averaging, and
Q˜ = Q − 〈Q〉. Hgc denotes the guiding center Hamiltonian truncated at some desired
order in ρ/L. The function ℓ and the 1-form δΞ are defined in terms of any choice of
the guiding center Lie generators as follows. Decompose the guiding center transformation
τgc : TQ→ TQ as τgc = τ2 ◦ τ1, where
τ1 = exp(G1) (31)
τ2 = · · · ◦ exp(G3) ◦ exp(G2) ≡ exp(G¯2), (32)
and the Gk are the guiding center Lie generators. The 1-form
δΞ = −
e
c
(τ2∗iG1U1B + iG¯2U2B), (33)
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where the lowered ∗ denotes pushforward, U1 =
∫ 1
0
exp(λG1)∗ dλ, and U2 =
∫ 1
0
exp(λG¯2)∗ dλ,
represents the gauge invariant component of the perturbation to the guiding center Lagrange
1-form produced by the fluctuating electromagnetic fields. The function
δH = e(τ2∗iG1U1E + iG¯2U2E) (34)
represents the gauge invariant component of the perturbation to the guiding center Hamil-
tonian caused by the same fields. The function
ℓ = δΞ(V gyo )− δH, (35)
where V gyo is the gyrocenter phase space velocity neglecting terms in the gyrocenter kinetic
energy of order ǫδ or higher, represents the gauge invariant perturbation to the guiding
center Lagrangian.
This formulation reduces to the Hamiltonian formulation of the Vlasov-Maxwell equa-
tions [3, 4] under the substitutions
K →
1
2
mv2 (36)
Ξgc → mv · dx. (37)
It is also interesting to compare [·, ·]GVM to the bracket given by Morrison in Ref. [29]. The
only significant difference comes from the manner in which the inductive electric field is
built into the kinetic equation. Finally, we note that a useful future direction of research
would be identifying a Poisson bracket for electromagnetic gyrokinetics in the Darwin ap-
proximation [34]. The gyrokinetic Vlasov-Darwin equations are somtimes also referred to
as the gyrokinetic Vlasov-Poisson-Ampe`re equations [17]. A Hamiltonian formulation of the
non-gyrokinetic Vlasov-Darwin equations has already been given in Ref. [35]
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